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We investigate the spatial structure of two-neutron wave function in a Borromean nucleus 11Li
using a three-body model in which two valence neutrons interact with each other by a density-
dependent contact force. The behavior of the neutron Cooper pair at different densities is simulated
by calculating the two-neutron wave function at several distances between the core nucleus and
the center of mass of the two neutrons. We find that the neutron pair wave function in 11Li has
an oscillation at normal density, while it becomes a well localized single peak in the dilute density
region around the nuclear surface. These features are in close analogue to the BCS-BEC crossover
of the Cooper pair wave function found in the infinite nuclear matter. The present results also
provide a unified picture of the di-neutron and the cigar-like configurations in Borromian nuclei as
a manifestation of the BCS-BEC crossover phenomenon.
PACS numbers: 21.30.Fe,21.45.+v,21.60.Gx,21.65.+f
The pairing correlation plays a crucial role in many
Fermion systems, such as the liquid 3He, atomic nuclei,
and ultracold atomic gases [1, 2, 3]. When an attrac-
tive interaction between two Fermions is weak, the pair-
ing correlation can be understood in terms of the well-
known Bardeen-Cooper-Schrieffer (BCS) mechanism[1],
that shows a strong correlation in the momentum space.
If the interaction is sufficiently strong, on the other hand,
one expects that two Fermions form a Bosonic bound
state and condense in the ground state [4, 5, 6, 7, 8].
The transition from the BCS-type pairing correlation to
the Bose-Einstein condensation (BEC) takes place con-
tinuously as a function of the strength of attractive inter-
action. This feature is often referred to as the BCS-BEC
crossover.
Recently, exploiting the Feshbach resonance with
which the strength of effective interaction can be ar-
bitrarily varied, the BCS-BEC crossover has been ex-
perimentally realized for a gas of ultracold alkali atoms
[9, 10, 11]. This has stimulated a lot of subsequent works,
not only in condensed matter and atomic physics [8] but
also in nuclear and hadron physics [12, 13] (see also Ref.
[14]).
Neutron-rich nuclei may play a unique role in under-
standing the BCS-BEC crossover phenomenon. These
nuclei are characterized by a dilute neutron density
around the nuclear surface, and one can investigate the
pairing correlation at several densities[15], ranging from
the normal density in the center of nucleus to a di-
luted density at the surface. In this connection, it is
worth while to mention that Matsuo recently investi-
gated the spatial structure of neutron Cooper pair in
low-density nuclear and neutron matters and found the
BCS-BEC crossover behavior in the pair wave function
[12]. See also Ref. [14] for a proton-neutron Cooper
pair. The strong density dependence of the nucleon-
nucleon pseudo-potential is responsible for the crossover
phenomenon.
In this paper, we discuss the manifestation of the BCS-
BEC crossover phenomenon in finite neutron-rich nuclei.
To this end, we particularly study the ground state wave
function of a two-neutron halo nucleus, 11Li. This nu-
cleus is known to be well described as a three-body sys-
tem consisting of two valence neutrons and the core nu-
cleus 9Li [16, 17, 18]. Since both the n-n and n-9Li
two-body subsystems are not bound, the 11Li nucleus
is bound only as a three-body system. Nuclei which have
this property are referred to as Borromean nuclei, and
have attracted a lot of attention [19, 20]. A strong di-
neutron correlation as a consequence of pairing interac-
tion between the valence neutrons has been found in 11Li
[16, 18]. This nucleus thus provides optimum circum-
stances to study the BCS-BEC crossover in finite quan-
tum many-body systems. The strong two-neutron corre-
lation has recently been observed also experimentally in
low-lying dipole strength in 11Li [21].
In order to study the pair wave function in 11Li, we
solve the following three-body Hamiltonian [17, 18],




wherem and Ac are the nucleon mass and the mass num-
ber of the inert core nucleus, respectively. hˆnC is the
single-particle Hamiltonian for a valence neutron inter-
acting with the core. We use a Woods-Saxon potential
with a spin-orbit force for the interaction in hˆnC . The di-
agonal component of the recoil kinetic energy of the core
nucleus is included in hˆnC , whereas the off-diagonal part
is taken into account in the last term in the Hamiltonian
(1). The interaction between the valence neutrons Vnn is
taken as a delta interaction whose strength depends on
the density of the core nucleus. Assuming that the core
2density is described by a Fermi function, it reads








where R = |(r1 + r2)/2|. We use the same value for the
parameters as in Refs. [17, 18]. To be more specific, we
take 2.935 fm and 0.67 fm for Rρ and aρ, respectively.
v0 is determined by the nn scattering length and vρ is
adjusted so as to reproduce the two neutron separation
energy of 11Li. We find that this model reproduces well
the experimental B(E1) strength function measured re-
cently by Nakamura et al. [21].
The two-particle wave function Ψ(r1, r2) is obtained
by diagonalizing the three-body Hamiltonian (1) with a
large model space which is consistent with the nn inter-
action, Vnn. To this end, we expand the wave function
Ψ(r1, r2) with the eigenfunction φnljjz (ri) of the single-
particle Hamiltonian hˆnC . In the expansion, we explicitly
exclude those states which are occupied by the core nu-
cleus. The quantum numbers n, l, and j in φnljjz corre-
spond to the radial quantum number, the orbital angular
momentum, and the total angular momentum j = l+ s,
respectively. The coordinate of a valence neutron from
the core nucleus is denoted by ri.
The ground state wave function is obtained as the state
with the total angular momentum J = Jz = 0. We
transform it to the coordinate system with the relative
and center of mass motions for the valence neutrons, r =
r1 − r2 and R = (r1 + r2)/2. To this end, we use the
method of Bayman and Kallio [22]. That is, we first
decompose the wave function into the total spin S=0 and
S=1 components. The coordinate transformation is then
performed for the S=0 component, which is relevant to






























l (cos θ2)φnlj(r1)φn′lj(r2), (4)
with ri =
√
R2 + r2/4±Rr cos θ and cos θi = (R ±
r cos θ/2)/ri, where the plus sign is for i = 1 while the mi-
nus sign for i = 2. In Eq. (4), αnn′lj is the expansion co-
efficient, φnlj(ri) is the radial part of single-particle wave
function, |χS=0〉 is the spin wave function and P
m
l (cos θ)
is the associated Legendre polynomial.
We apply this formula to the ground state wave func-
tion of the 11Li nucleus. We first discuss the probability
























FIG. 1: (Color online) The square of ground state two-particle
wave function, r2R2|fL=0(r,R)|
2, for the 11Li nucleus as a
function of the relative distance r and the center of mass










we find PL = 0.578 for L = 0, 0.020 for L = 2, and 0.0045
for L = 4. The S=0 component of wave function is thus
dominated by the L = 0 configuration. The sum of the
probability for L = 0, 2, and 4 components is 0.6025,
that is close to the S = 0 probability in the total wave
function, 0.606 [17, 18].
Figure 1 shows the square of two-particle wave function
for the L = 0 component. It is weighted with a factor of
r2R2. One can clearly recognize the two peaked structure
in the plot, one peak at (r,R) = (2.2, 3.4) fm and the
other at (r,R) = (4.4, 1.8) fm. These correspond to the
di-neutron and the cigar-like configurations discussed in
Refs.[16, 18, 19], respectively. Notice that the first peak is
located at a small relative distance between the neutrons
and the corresponding configuration is rather compact in
the coordinate space.
The square of the L = 0 wave function for different val-
ues of R is plotted in Fig.2 as a function of r. Since we
consider the density-dependent contact interaction, (2),
this is effectively equivalent to probing the wave function
at different densities. At R = 0.5 fm, where the den-
sity is close to the normal density ρ0, the two particle
wave function is spatially extended and oscillates inside
the nuclear interior. This oscillatory behavior is typical
to the Cooper pair wave function in the BCS approxi-
mation, and has in fact been found in the nuclear and
neutron matters at the normal density ρ0 (see Fig. 4 (f)
in Ref. [12] as well as Fig. 4 in Ref. [14]). As in the in-
finite matter calculation[12], the two-particle wave func-
tion has a significant amplitude outside the first node at
2.4 fm. This is again a typical behavior for the BCS pair
wave function. As R increases, the density ρ decreases.
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FIG. 2: Same as Fig. 1, but as a function of the relative distance between the neutrons, r, at several center of mass distances
R as indicated in the inset. Notice the different scales on the ordinate in the various panels.
from the BCS-like behavior. At R = 3 fm, the oscilla-
tory behavior almost disappears and the wave function
is largely concentrated inside the first node at r ∼ 4.5
fm. The wave function is compact in shape, indicating
the strong BEC-type di-neutron correlation. At R larger
than 3 fm, the squared wave function has essentially only
one node, and the width of the peak gradually increases
as a function of R. This behavior is qualitatively similar
to a local density approximation (LDA) picture of the
pair wave function in infinite matter [12].
We have seen in Fig. 1 that the di-neutron configura-
tion corresponds to the peak around r ∼ 2.2 fm while the
cigar-like configuration corresponds to the peak around
r ∼ 4.4 fm. These correspond to the first and the sec-
ond peaks in Fig. 2, respectively (see a typical case of
R =2.0 fm). The transition from the BCS-like behav-
ior of wave function to the BEC-type di-neutron corre-
lation shown in Fig. 2 suggests that the di-neutron and
the cigar-like configurations are not independent of each
other, but rather a manifestation of a single Cooper pair
wave function probed at various densities. We have con-
firmed that this picture holds also for another Borromean
nucleus, 6He [23].
The transition from the BCS-type pairing to the BEC-
type di-neutron correlation can also clearly be seen in
the root mean square (rms) distance of the two neutron











We plot this quantity in Fig. 3(a) as a function of R.
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FIG. 3: The root mean square distance rrms for the neutron
pair defined by Eq. (6). It is plotted as a function of the
center of mass distance R (Fig. 3(a)) and the density ρ/ρ0 of
the core nucleus (Fig. 3(b)), where ρ0 is the normal density
of infinite nuclear matter.
In order to compare it with the rms distance in nuclear
matter, we relate the center of mass distance R with the





1 + exp[(R −Rρ)/aρ]
, (7)
4as used in the nn interaction in Eq. (2). Fig. 3(b) shows
the rms distance as a function of density ρ thus obtained.
The rms distance shows a distinct minimum at ρ ∼ 0.4ρ0
(R ∼ 3.2 fm). This indicates that the strong di-neutron
correlation grows in 11Li around this density. Notice that
the probability to find the two-neutron pair is maximal
around this region (see Fig. 1). The behavior of rms dis-
tance as a function of density ρ qualitatively well agrees
with that in infinite matter (see Fig. 3 in Ref. [12]),
although the absolute value of the rms distance is much
smaller in 11Li since it is a bound system. A similar size
shrinking effect has been found also in a proton-neutron
pair in inifite nuclear matter [24].
Finally, let us mention how the two neutron system
is modified in 11Li due to the presence of the core nu-
cleus. It is known that a two-nucleon system in vacuum
in the 1S channel (L = S = 0) has a virtual state around
zero energy. In regularizing the rms distance using the
method in Ref. [25], it is obtained with the realistic Ni-
jmegen potential [26] that the virtual state has an ex-
tension of around 12 fm. We therefore realize that in
11Li, in spite of being a halo nucleus, the nn singlet pair
undergoes a tremendous change from its asymptotic free
configuration. Namely, the core nucleus 9Li attracts the
neutron pair and pulls it to an equilibrium position at
around R=3.2 fm. At the same time, the nn pair makes
its size smaller in order to avoid the increasing density
of the core neutrons. That is, the neutrons in the core
exert a Pauli pressure on the nn pair. Thus, the rms
distance of the pair rrms shrinks from 12 fm down to 2.6
fm, before it expands again to a large size of the Cooper
pair when approaching the interior of the nucleus. This
is the physical mechanism why the minimum appears in
Figs. 3(a) and (b), see e.g., Ref. [24].
In summary, we studied the two-neutron wave function
in the Borromean nucleus 11Li by using the three-body
model with the density-dependent pairing force, and dis-
cussed its relation to the Cooper pair wave function in
an infinite matter. We explored the spacial distributions
of two neutron wave function as a function of the cen-
ter of mass distance R from the core nucleus. We found
that the structure of the two-neutron wave function al-
ters drastically as R is varied, in a similar way to that
for infinite matter. Namely, at small values of R, the
wave function oscillates inside the nuclear interior. The
oscillation gradually disappears as R increases, and even-
tually the wave function has a well localized single peak
under the influence of strong pairing correlations. We
also showed that the relative distance between the two
neutrons scales in a similar way to that in the infinite
matter as a function of density. These features are in
close analogue to the characteristics of the BCS-BEC
crossover phenomenon found in the infinite nuclear and
neutron matters. We conclude that the present results
provide a unified picture for the Borromean nuclei to un-
derstand the di-neutron and the cigar-like configurations
as the manifestation of the BCS-BEC crossover in a sin-
gle Cooper pair wave function.
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